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Abstract 

In this article diffeomorphism groups G of manifolds M on locally 
F-convex spaces over non- Archimedean fields F are investigated. It is 
shown that their structure has many differences with the diffeomor- 
phism groups of real and complex manifolds. It is proved that G is not 
a Banach-Lie group, but it has a neighbourhood W of the unit element 
e such that each element g inW belongs to at least one corresponding 
one-parameter subgroup. 

It is proved that G is simple and perfect. Its compact subgroups 
Gc are studied such that a dimension over F of its tangent space 
dirriFTeGc in e may be infinite. This is used for decompositions of 
continuous representations into irreducible and investigations of in- 
duced representations. 



1 Introduction. 

This article is devoted to the investigation of a structure and representa- 
tions of diffeomorphism groups of non-Archimedean manifolds. In previous 

* Mathematics subject classification (1991 Revision): 43A65, 46S10, 57S05. 
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works |T8|, quasi-invariant measures on diffeomorphism groups relative 
to dense subgroups were constructed. Irreducible representations associated 
with the quasi-invaraint measures on groups and the corresponding configu- 
ration spaces were constructed in [|18|, Classical diffeomorphism groups 
(that is, for real or complex manifolds) play very important role in hydrody- 



namics, quantum mechanics and superstring theory p, |^, On the other 



hand, non-Archimedean quantum mechanics develops rapidly [15, 16, 35|. It 



is helpful in special situations, when series or integrals divergent in quantum 
mechanics over the complex field C are convergent in the non- Archimedean 
case. In particular, non-Archimedean diffeomorphism groups can be used in 



non- Archimedean quantum mechanics and quantum gravity ||18|, |35 



There are many principal differences between classical and non- Archimedean 
functional analysis ^ This is the source why non- Archimedean dif- 
feomorphism groups differ in many respects from that of classical one. 

In it was shown that classical diffeomorphism groups are simple and 
perfect, but proofs there are based on local connectedness, homotopies, the 
existence and the uniquiness of solutions of differential equations in spaces of 
functions of the class of smoothness C{t) for t < oo. In the non- Archimedean 
case even for the class of smoothness C(oo) there is not any uniquiness, 
because of locally constant additional terms. In the classical case the small 
inductive dimension ind{G) > (for real manifolds ind{G) = oo), but in 
the non-Archimedean case ind{G) = 0. Therefore, the proof of simplicity 
and perfectness in this paper differ principally from the classical case. For 



compact complex manifolds the diffeomorphism groups are Lie groups [17 
but in the non- Archimedean it is proved below, it is untrue. 

This article is devoted to more general diffeomorphism groups than in 
1^, |2^. Here are considered manifolds not only on Banach spaces over 



local fields, but also on locally F-convex spaces, where F is an infinite field 
of characteristic char(F) = with non-trivial non- Archimedean valuation. 
Classes of smoothness C{t) of manifolds M considered below are 1 < t < cxd 
and also analytic t = an such that they are certainly not less than that of 
G. In particular this encompasses the class of manifolds treated by rigid 
analytic geometry (see about it in [^, [l^). This geometry is helpful in non- 
Archimedean superstring theory and theory of homologies and cohomologies, 
but it is related with very narrow class of analytic functions [0|. It is also 
extremely restrictive for non- Archimedean functional analysis and quantum 
theory. Therefore, differentiable manifolds of classes C{t) for 1 < t < oo 
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also are considered below. Historically spaces of classes C{t) with t G N had 



appeared in [pT| , |32| several years later after the use of analytic spaces and 
manifolds in ^ Schikhof had used difference quotients of functions, Tate 
had used a topology stronger than the Zariski topology. 

For locally compact groups there is a theory of induced representations 



from subgroups [T^], but its development for non- locally compact groups 
meets serious problems, because the case of non-locally compact groups is 
more complicated ||19| . In this article with the help of structural theorems of 



diffeomorphism groups induced representations are investigated. 

In §2 definitions, notations and preliminary results are given. In §3 the 
structure of diffeomorphism groups Dif f(t, M) is studied, where Dif f{t, M) : 
Hom{M)nC{t, M ^ M), C{t, M N) is a manifold of C(t)-mappings from 
a manifold M into a manifold over the same field F. Besides classes C{t) 
also classes Co(t) are considered over local fields K. If dim-pM > Kq, then 
C{t,M M) is of non-separable type over F, but Co(t,M M) is of 
separable type, when F = K and dim-i^M < Kq. Such groups G{t,M) : = 
Hom{M) nCo(t, M —>■ M) are helpful for the construction of quasi-invariant 
cr-finite measures. The diffeomorphism group is investigated below as the 
topological group and as the manifold. It is proved that Diff{t, M) are 
simple and perfect. Then its structure as a manifold is studied. Apart from 
manifolds M on locally convex spaces X over R in the case of X over 
F the existence of clopen (closed and open) subgroup W in Dif f(t, M) is 
proved below such that for each g & W there exists a one-parameter sub- 
group < : z & F > to which g belongs. Nevertheless, it is proved that 
Diff{t, M) are not Banach-Lie groups. In §3 also families of compact sub- 
groups {G^k} of the group G(t,M) are constructed such that Un.M.KG^uK 
is dense in G{t,M). In the particular case of the local field F = K such 
subgroups have the following property: the K-linear span sp-KiTeG^^ j^) of 
TeG"^; is dense in TeG{t, M). This is the important difference from the case 
of M on X over R or C, because the maximal compact subgroup in G{t, M) 
in the classical case may be only finite-dimensional for finite-dimensional X 
over R or C [^. This also is impossible in the classical case, when M is 



not a compact complex manifold. Embeddings of classical groups into the 
diffeomorphism groups also are discussed, because, for example, Sp{2n, F) 
is very important for symplectic structures associated with Hamiltonians in 
quantum mechanics. 

In §4 continuous unitary representations and also representations in non- 
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Archimedean Banach spaces are decomposed into irreducible. Then induced 
representations are considered. Moreover, two theorems (inductive-reductive 
and for internal tensor product representations) about decompositions of 
induced representations are proved. This opens new classes of unitary rep- 
resentations. 



2 Topologies of non- Archimedean difFeomor- 
phism groups. 

To avoid misunderstandings we first present our definitions and notations in 
§§2.1-2.4. 

2.1. Remarks. Let K be a local field, that is, a finite algebraic extension 
of the field Qp of p-adic numbers and either 0<t<ooort = an. Then 
C^{t,M N), Diff{t,M), G{t,M) and GC{t,M) be the same spaces as 
in where M and are the corresponding Banach manifolds over 

K, where either * = (0 is omitted as the index) or * = or * = c. 
It is necessary to mention, that in in the case of M with an infinite atlas 



spaces in |118| are proper subspaces of the corresponding spaces in . Then 
analogously we get these spaces for the class of locally analytic functions 
with t = la. Evidently, these spaces are isomorphic for different choices of 
atlases At{M) and At{N) for M and N of classes not less, than either C{t) 
or Co(t) respectively, since the valuation group Fk := : 7^ x G K} 
is discrete in (0, 00) and due to and Lemma 7.3.6 [|I^] each atlas of M 
or has a disjoint covering At'{M) or At'{N), which is a refinement of 
the initial covering. Indeed, if : M — > M' and tp : N N' are C^,(t)- 
diffeomorphisms (that is, is bijective and surjective and (p E C^.{t, M ^ 
M'), (f)~^ G Ct,{t,M' — > M), analogously for tp), then g ^ ip o g o cp^^ is a 
diffeomorphism of C^t, M N) with C,(t, M' A^')> where ^ G C*(t, M 
N). 

2.2. Notation. Let F be an infinite field of characteristic char{F) = 
with a non-trivial non- Archimedean valuation. For 6gR, 0<fe<l, we 
consider the following mapping: 

(1) UO := e Ap for C ^ 0, j,(0) := 0, 

such that jb{*) '■ F — > Ap, where Ap is a spherically complete field with a 
valuation group {|x| : 7^ a; G Ap} = (0, 00) C R such that Cp U F C Ap, 
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Cp denotes the field of complex numbers with the valuation extending that 
of Qp [|], |29|, 0, 0. For a space X with a metric d in it let B{X,y,r) := 
{x G X : d{x,y) < r} and B{X,y,r~) := {x G X : d{x,y) < r} denote balls 
in X, where < r. 

2.3. Definitions and Notes. Let us consider locally convex spaces X 
and Y over F. Suppose F : U — > F is a mapping, where f/ C X is an open 
bounded subset. The mapping F is called differentiable if for each ^ G F, 
X & U and /i G X with x + (h & U there exists a differential such that 

(1) DF{x, h) ■= dF{x + Ch)/d( |c=o:= lim{F(x + (h) - F{x)}/( 

and DF{x,h) is linear by h, that is, DF{x,h) =: F'{x)h, where F'{x) is a 
bounded linear operator (a derivative). Let 

(2) <!>'Fix; h- C) := + (h) - F{x))/UC) G Y^^ 

be partial difference quotients of order b foi < b < 1, x + (h & U, (h 0, 
:= F, where is a locally convex space obtained from Y by extension 
of a scalar field from F to Ap. By induction using Formulas (1 — 2) we define 
partial difference quotients of order n + b for each < 6 < 1: 

(3) h, hn+i; Ci, Cn+i) := + (n+lK+l, 

hi,.., hn] Ci, Cn) - hi, K,; (l, Cn)} / MCn+l) 

and derivatives F^") = (F^'^-i))'. Then C{t,U Y) is a space of functions 
F : U ^ Y for which there exist bounded continuous extensions for 
each X and x + Qhi G f/ and each < f < t, such that each derivative 
F^^\x) : X^ ^ Y is a continuous fc-linear operator for each x G U and 
<k <[t], where < t < cx), /i^ G 1/ and e 5 := B{K, 0, 1), [t] = n < t 
and {t} = b are the integral and the fractional parts oft = n + b respectively, 
U and V are open neighbourhoods of x and in X,U + VgU. In the 
locally F-convex space C{t,U ^ Y) its uniformity is given by the following 
family of pseudoultranorms: 

(4) \\F\\c{t,U~^Y),u,w '■= SUp(x,x+QhieU;hieV;u{hi)^0;CieS;i^l,...,s^[v]+sign{v};0<v<t) 



5 



w{{^-F){x; hi, .., h,; Ci, Cs)}/[f[ u{h,)Y 

where < t G R, sign{y) = —1 for y < 0, sign{y) = for ?/ = and 
sign{y) = 1 for ?/ > 0, {u} and {w} are families of pseudoultranorms in X 
and Y giving their ultrauniformities pSj . 
Then the locally F-convex space 

oo 

(5) C(oo, U ^Y):= fl C{n, U ^ Y) 

n=l 

is supplied with the ultrauniformity given by the family of pseudoultranorms 

II * \\cin,U-*Y),u,w 

2.4. Remarks. Spaces of analytic functions C{anji, B{X,x, R) Y) 
of radius of converegence not less than < R are defined with the help 
of convergent series of polylinear polyhomogeneous functions 0] for normed 
spaces X and Y over F. Spaces of locally analytic functions C{la, M ^ Y) 
are defined as inductive limits of spaces C{lar,M — ^ Y) of locally analytic 
functions / such that for each x G M there exists its neighbourhood Ux in M 
for which f\u^ has an analytic extension on B{X, x, r), where M G X. Then 
using projective limits of normed spaces we can construct C{la, M ^ Y) for 
locally F-convex spaces X and Y. 

For C (m)-manifolds M and on locally F-convex spaces X and Y with 
atlases At{M) = {{Ui,(j)i) : i G Am} and At{N) = {{Vi,ipi) : i G An} a 
mapping F : M — ^ is called of class C{t) if Fj j are of class C{t) for each i 
and j, where Fij = tpi o F o oo > m > t > 0, (pi : Ui (pi{Ui) C X and 
ipi : Vi ^ ipiiVi) C Y are diffeomorphisms, Ui, Vi, (piiUi) and ipiiVi) are open 
in M, A^, X and F respectively, 0j o cjyj^ g C(m, 0i(f/j fl Ui) X) for each 
Ui n Ui (/), analogously for ipi. 

Let vr^-^ : X — * spf{zi, Zn} be a projection, where zi,...,Zn are 
linearly independent vectors in X, then we set Co{t,M — > A^) to be a com- 
pletion of a subspace of cylindrical functions / of class C{t), that is, for 
each such / there are n G N and zi,...,Zn linearly independent in X and 
h G C{t,{M n spF{zi,...,Zn}) N) such that f{x) = /i(7r^i,...,^„(a;)). If 
: M — » A^ is a fixed mapping, then C^{M,Y) is a space of functions 
f : M Y such that {f — 9) G C^{t,M F), that induces a space 

(t, M ^ A^), where * = or ^ = 0. 
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Certainly we suppose throughout the paper, that M and are of class 
C{t) for spaces C*(t, M ^ N) such that r = co for < t < cx), r = aur for 
t = arir, T = la for t = la. 

Then Diff{t, M) := Hom{M)nC''^{t, M ^ M) and G{t, M) := Hom{M)n 
C^'^lt, M — > M) denote diffeomorphism groups for t > 1 or t = anpt or 
t = la and a homeomorphism group for < t < 1 analogosuly to pO| , where 



Hom{M) is the standard homeomorphism group of C(0) bijective surjective 
mappings of M onto itself, where the manifold M is on the locally F-convex 
space X for t ^ ariR and X is the normed space for t = ariR. 

2.5. Let H he a. locally F-convex space, where F is a non- Archimedean 
field. Let M be a topological manifold modelled on H and At{M) = {{Uj, fj) : 
j G A} be an atlas of M such that card{A) < w{H), where fj : Uj — >■ Vj 
are homeomorphisms, Uj are open in M, Vj are open in H, UjeA Uj = M, 
fi o fj~^ are continuous on fj{Ui fl Uj) for each U fl Uj ^ 0. Let F, H and M 
denote completions of F, H and M relative to their uniformities. 

Theorem. // either H is infinite- dimensional over F, or F is not locally 
compact, then M is homeomorphic to the clopen subset of H. 

Proof. Since H is the complete locally F-convex space, then H = 
pr — lim{Hq, ir^j',, T} is a projective limit of Banach spaces Hq over F, where 
q G T, T is an ordered set, n'^ : Hg ^ are linear continuous epi- 
morphisms. Therefore, each clopen subset W m. H has a decomposition 
W = lim{PV^, TT^, T}, where Wg = vr^(W^) are clopen in Hg. The base of 
topology of M consists of clopen subsets. U W C. Vj, then f^^iW) has an 
analogous decomposition. From this and Proposition 2.5.6 [0] it follows, that 
M = lim{Mg, TT^, T}, where Mq are manifolds on Hq with continuous bonding 
mappings between charts of their atlases. If H is infinite-dimensional over 
F, then each Hq is infinite-dimensional over F [^. From card{A) < w{H) 
it follows, that each Mq has an atlas At'{Mq) = {U'j^q] fj^q] A'q} equivalent to 
At{Mq) such that card{A'q) < w{Hq) = w{Hq), since w{H) = w{H), where 
At{Mq) is induced by At{M) by the quotient mapping vfg : M ^ Mq. In 
view of Theorem 2 |21| each Mq is homeomorphic to a clopen subset Sq of 
Hq, where hq : Mq — > Sq are homeomorphisms. To each clopen ball B in Hq 
there corresponds a clopen ball B = B n Hq in Hq, hence Sq = Sq O Hq is 
clopen in Hq and hq : Mq ^ 5*^ is a homeomorphism. Therefore, M is home- 
omorphic to a closed subset V of H, where h : M ^ V is a homeomorphism, 
V C H, h = lim{id, hq,T}, irf : T — > T is the identity mapping. Since 
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each hq is surjective, then h is surjective by Lemma 2.5.9 |T0[. If x G M, 
then ng{x) = Xq E Mg, where n : H ^ Hg are hnear quotient mappings and 
TTq : M ^ Mq are induced quotient mappings. Therefore, each x G M has 
a neighbourhood 7i~^{Yg), where Yg is an open neighbourhood of Xq in Mg. 
Therefore, h{M) = is open in H. 
2.6. Theorems. 

1. The spaces Diff(t,M), G(t,M) and GC{t,M) are the topological 
groups. 

2. They have emheddings as clopen subsets into the spaces C^.{t, M ^ X), 
where either * = or* = or * = c respectively. 

3. //F andX are complete, then Dif f{t, M), G{t,M) andGC{t,M) are 
complete. 

4. G{t, M) and GG{t, M) are separable for separable M. 

5. Diff{t, M), G{t, M) and GG{t, M) are ultrametrizable for a manifold 
M with a finite atlas At{M) on a normed space X and either < t < oo or 
t = arij.. 

Proof. {A). Using the projective hmits of normed spaces we can reduce 
the proof to the case of M on a normed space X, since for each contin- 
uous either hnear mapping A : X ^ X oi polyhnear and polyhomoge- 
neous mapping on X there are a pseudouhranorm m in X and a continuous 
mapping either hnear uA{x + ker{u)) = A{x) or polyhnear and polyhomo- 
geneous uA{xi + ker{u), ...,Xn + ker{u)) = A{xi, ...,Xn) from Xu into Xu, 
where Xu := X/ker{u), x,Xi, ...,Xn G X, x + kei^u) G X^ (see Theorem 
(5.6.3) [0). The second statement is the consequence of Theorem 2.5. If 
f,g & Dif f{t, M) such that < t, then for each < 6 < min(l,t) we have 
{<^''fog){x;^;h) = ($V)(^(a;);C;2;), where either C = ^and 2; = {<!>^g){x; h) 
for 6 = 1, or C G F and z E X such that (z = g{x + ^h) — g{x) and 
\^\''/p < ICI ^ 1^1) P is a prime number such that Qp C F. In view of recur- 
rence Relations 2.3.(3) we get that Diff{t,M) is the topological group for 
each < t < 00. In view of definitions Dif f{an^, M) and Dif f [la, M) are 
also topological groups. 

(B). Let at first At{M) be finite. If (/„ : n) is a Cauchy net in C*(t, M 
Y), then {^^fn '■ n) are uniformly convergent sequences for each < v < t 
and < t < 00, also for each v while t = aUr- Consequently, lim„^oo('^'^/n) =: 

G C*(r, M'*^^ — s> Y), where r = OforO<t<ooorr = aUr for t = an,., 
s := [v] + sign{{v}). 

The statement about ultrametrizability follows from §2.4 [EO] and §2.2 
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1^. If X is the Banach space, then from the completeness of C*(t, M — > F), 
in which either Dif f{t, M) or G{t,M) or GC{t,M) respectively are closed, 
it follows that the latter spaces are also complete (see Theorems 8.3.6 and 
8.3.20 0). 



(C). In the case G{t, M) 3 f, g hi < t < oo due to §§2.1-2.4 |g there 
is the equality 

fi,j°9jAx)= (^i^, fij)Qm{{gj,i)n{x))qi, 

iG/,nG/,mgNg 

where {g)n = {g''^^\ g''^'^), gj,i = (c/J,(x) : Ui K\k e /), M is modelled 
on X = Co(/, K), the set {i G / : m{i) 7^ 0} = ...,i{s)} is finite, 

fi,j = <Pi ° f ° with the corresponding domains, s G N, n = Ord{m), 

s 

Qm{{g)n) = Y[Qm(iij))ig'^^^) and Qm{i){9') := Pm(i){g') / Pm{i)iu{m{i)) , 
i=i 

where Pm{i) are polynomials. 

Coefficients a{m, f^j) = A"^{f^ .j{x))\x=o are given by Corollary 2 from 

Proposition 7 [0]. The polynomials [Qm{x) : \m\ < n,m{j) 7^ for j G 
i{s))] may be expressed throughout [x"^ : \m\ < n, m{j) 7^ 0, for j G 
z(s))] and vice versa, where = Dmoo^o ^(j) G K, a; G 

i?(X, 0, 1). Therefore, A'^Si{x)\r^=o = for each polynomial Si{x) with / = 

(/(i) : i E I, No 9 /(i) < m(i)). Whence the coefficients a(m, ftjogj^i') may be 

expressed throughout a(/, fij)a{qi^i), gfj)) ...a{qi(^s), gfi^)Rui,ql Pi{u{l)), where 
(ii) A; + |/| + Ord{l) + + — s > A; + |m| + Ord{m), 

= ("^C^O)) ^ No'"'^^'*'''''' : j = < s < |/|,_-R;,i,g are polynomials 

by u{i',j'), that appear from the decomposition of Qm{{gj,i)n) in the form 
of sums of products of (gj^i)'' and u{i',j') divided by Pm{u{m)). In view 
of {i, a) we get that f o g e G{t, M) and continuity of the composition, 
since in (u) for |m| + Ord{m) — > 00 or |/| + Ord{l) — 00 or there is 
with \qi(j) \ + Ord{qiQ)) > [\m\ + Ord{m) + At the same time s > 

for large |m| + Ord{m). For / = g~^ we get recurrence relations for 
a(m, {f^JY) throughout a{rn,fl -). From them follows that pQ{f~^,id) are 



polynomials of the Bell type by pQ{f,id) in 1/p neighbourhood of id, where 



K = 0, 1, [t], t < oo, Pq is an ultrametric in G{t,M) (see also and 
Chapter 5 This gives /"^ G G{t,M) and continuity of the inversion 

/ /~^. The case t = oo follows from Formula 2.3.(5). 

(D). Now let t = arir and using the transformation x — >■ with |^| = 
1/r we restrict the consideration to r = 1. If g E Dif f{ani, M) (or 
G{ani, M)), then \\g\\ < 1. Indeed, there are the natural embeddings 6 : 
-B(K",0, 1) -B(X, 0,1), consequently, there are the restrictions g\Mn '■ = 
g{6{xn)), where 6'(x„) = (x G B{X,0,1) : 6{xn){i) = x{j) fori = G 
{i{l),...,i{n)),9{xn)ii) = in others cases ), M„ = M n ^(5(K", 0, 1)). In 
view of §54.4 in with the help of |jl| we get that if 



f{x)= a(m,/)Q„(x)GC(0,5(K",0,l)^K), 

mGNo" 

then / is analytic if and only if there exists 

(iii) lim a{m, f)/Pm{u{m)) = 0. 

Moreover, in C{ani, i?(K", 0, 1) —>■ K) the following norms 

(iv) 11/11 := sup{| a{m, f) \ J{an,m) : m G No"} and 
:= sup{| 6(m, /) |: m G No"} 



are equivalent, where J{an,m) : = | 1/Pm{u{m)) |, b{m, f) are expansion 
coefficients by x™. Each function g^{9{xn)) is analytic and depends from a 
finite number of variables. If \\g\\ > 1, so there is M„ with ||5f(^(x„)) || > 1. 

The basis Qm{x) is orthogonal in the non- Archimedean sense on i?(K", 0, 1) 
with ||Qm||c(o,B^K) = 1- Hence |5''^(6'(x„))| > 1 contradicts g G Hom{M) 
and M C -B(X, 0,1). Therefore, |a(m, (y'^(6'(x„)))| J(an, m) < 1 for each k,n 
and such m, 9. Hence ||fi'||c,(ani,Af^Af) < 1, since 9 has the natural extension 
9 : K" X such that 6' is linear on K" and it is the embedding. Therefore, 
the composition and the inversion operations are correctly defined and they 
are continuous in Dif f{ani, M) and G{ani,M) due to Formulas {i,ii). 

(E). Now let At{M) be infinite. If F, X and Y are complete, then 
C^:{t,M -— > Y) is complete (due to theorem about strict inductive limits in 
Chapter 12 |25|) for t ^ la. If (/^ : 7 G a) is a Cauchy net in C^{],a, M — > F), 



consequently, there exist 5 G a, -E G S and tq > such that supp{f^) C U 
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and G C*(anr(,,M Y) for each 7 > 6, since 11^ : C^.{anR,U^ — > K) 
C*(anr, — > K) are compact operators for each < r < i?, where a is 
a hmit ordinal, E is a family of all finite subsets of Am- From the complete- 
ness of C^{anra, M Y) it follows that (/^) converges in C^,{la,M Y), 
hence C^{la^ M F) is complete. From definitions it follows that G{t^ M), 
Diff{t, M) and GC(t, M) arc closed in M ^ M) for * = 0, * = and 
* = c respectively, whence they are also complete. 

(F) . For separable M and N the spaces C*(i, — > N) are separable for 
each e S. The space C*(t, M — F) is isomorphic with the quotient space 
Z/P, where Z = 0jgA C^,{t, Uj Y), P is closed and K-linear in Z. From 
the separability of Z and A C N it follows that C*(t, M ^ Y) is separable. 

(G) . From formulas (i,ii) it follows that GC{t, M) is the topological group 
for M with the finite atlas. For / and ^ e C*(i, M M)f\Hom{M) for < 
t < 00 or t = arir there are £"(/) and E[g) G E for which supp{f) := d{x G 
M : /(x) 7^ x} C f/'^*--'^-' and supp{g) C U^'^^\ Considering f{supp{f)) and 
g{supp{g)) C M homeomorphic with supp{f) and supp{g) correspondingly 
we get g-^o f e C^{t, M ^ M) n Hom{M). If {f-t ■ 1 ^ ") and (^^ : 7 G a) 
are two convergent nets in either G{t,M) or Diff{t,M) or GC{t,M)) to 
/ and 51 respectively, so for each neighbourhood W 3 id there exist _E G 
S and /9 G tt such that ^"^ o G H C^{t,U^ M) n Hom{M) for 
0<t<ooort = an^, where a is a limit ordinal. Therefore, for such t 
the mapping {fig) — >■ g~^ o / is continuous in G{t,M) or Diff{t,M) or 
G'C(i, M) respectively. 

For i = /a let r = min(r(/), r((y')), where / and g G C^{la,M — > 
M) n Hom{M), that is, there exist r(/) and r{g) G such that / G 
C^,.{anr(f), M — > M) fl Hom{M) and analogously for (yf. Then r G Ff and 
g'^of e G^{anr, M M)r\Hom{M). If (/-y : 7 G a) converges to / and {g^) 
to g', then for each neighbourhood W 3 id in C*{la,M M) fl Hom{M) 
there exist P E a and G E such that {supp{g~^ o /^)) U {supp{g^)) U 
{supp{f^)) C f/^ for each 7 > /9 and r(5^^) > r, r(/^) > r. Therefore, 
(fi'7 ° /i • 7 ^ converges to g^^ o / in C^{la, M M) fl Hom{M), conse- 
quently, the last space is the topological group. 

3 A structure of diffeomorphism groups. 

3.1. Theorem. Let the groups G = Diff{t, M) and G = G{t, M) he the 
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same as in ^2.4^ where either 1 < t < oo or t = an^ or t = la. 

(1) . If M is on a complete space X, then there exists a clopen subgroup 
W in G such that, each element g & W belongs to the corresponding one- 
parameter subgroup. 

(2) . Diff{t,M), G{t,M) and GC{t,M) are not Banach-Lie groups. 
Proof. As in the proof of Theorem 2.6 we can use the projective hmit 

X = pr — hm Xu of normed spaces X^ that reduce the proof to the case of 
the manifold M on the normed space X. 

(1). Let at first G = G{t, M) and M be with a finite atlas on X over a 
local field K. We put W := {f e G : pKf, id) < p"^}, then each / G is an 
isometry of M, where r = t for either l<t7^ooort = aUr, r G N for t = oo. 
li f,g G W, then po{f o g,id) = pl{gj~^) < max{p}^{g,id), pj){id, f'^)) = 
ma,x.(pl(g,id), pl{f,id)). Therefore, W is the subgroup in G. 

Let at first Mn be finite-dimensional over K. There exists a restriction 
f\M„ for each f & G, where M„ is an analytic submanifold, 6 : Mn M is an 
embedding, dimj^Mn = n G N is a dimension of M„ over K. Since, locally 
polynomial functions f{x) = id{x) + P{x) are dense in W , it is sufficient 
to prove that each such f{x) belongs to a one-parameter subgroup. Here 
degP = m G N is a degree of a polynomial, a; G M are a local coordinates. 
Denote fi^j = 0j o / o simply by / and Uj by M. Let 

oo 

9{3\x) = ^A{j]xyx/s\, where 
A{j;x) ■.^Y.T{j,i-x)di, 

i=l 

T{j, i; x) are polynomials on the j'-th iteration, A{j; x)^x := A{j; x){A{j; x)''^~^x) 
for s > 1, A{j;x)^ := x, di := djdx^. Suppose T(0,i;a;) = P''{x) for 
i = 1, n, and /1(0; x)A{\\ x) + ^4(1; x) = P{x), where 

n n 

P{x) =J2P'{x)ei and P{x) = Y.P\x)di. 

i=l i=l 

For the coefficients T(l, i; x) there is the system of hnear algebraic equations, 
that gives the unique solution A{l]x) with 

||yl(0;a;)T(l,^;a;)||, < ||T(1, ^; x P(0;a;)||„ 
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since ||74(0;a;)|| < ||P(a;)||T-, where 

||^(j;2^)||r — sup 

r' = T — 1 for 1 < T < oo, t' — T for T — arir, 

WqWt '■= \\9\\co(t,M^X)- 

Therefore, 

ll^(^)llr = max ||T(l,i;a;)||^, 

1=1,. ..,n 

since ||A(0;x)||r <p~^- Moreover, 

max ||T(0, i; x) - T{1, i; x) ||, < ||P||./p^ 

1=1,.. .,n 

since \\A{0; x)T{l,i; x)\\r < \\T{l,i;x)\\r/p'^ for each i 

Further by induction let for j > are satisfied the following conditions: 

(i) p{x) = A{j; x) + j2 MJ - 1; ^YMr, ^)/«!, 

s=l 

(a) max \\T{j,i;x) — T{j — l,i;x)\\r < p~-'\\P\\t ^T^d 

i=l,...,n 

{Hi) maXi=i^_^n\\T{j,i;x)\\^ = \\P\\r- 

For j + 1 instead of j there exists the unique solution A{j + l;x) of the 
equation (i), since P{x) = (/ + Sj^i)A{j + l,x) with < 1/p, I is 

the identity operator. To Equation (i) there corresponds the linear algebraic 
equation (/^ + F)Z — Y, Z and Y E K'^, z e N, is the unit matrix and 
F is a matrix of size z x z, F — (P'ij)ij=i,...,z, Fij e K, maxjj \Fij\ < 1/p, 
\det{h + F)\ = 1. Then 

\\Aij;xYT{j + l,i;x)/s\\\ < + 1, i; :r)||p-^(^-VM) and 

max ||r(j + 1, = ||P||, 

1=1,. ..,n 

since ||74(j;x)|| < Consequently, 

II [^(j + l;xr - A{r,xr]/s\\\ < \\A{j + l;x)- A{r,x)\\p\ 
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where z = -(s - 1)(2 - - 1)), since [A\B] = Ez=o ^^[A ^]^'"^"', 

\\[A,B]\\<me.x{\\ABl\\BA\\}, [A, B] := AB - BA, 

A'-B'^ A{A'-^ + A'-^B + ... + B'-'^) - {A'-^ + A'-^B + .. + 5^-^)5, 

< ||A||x||i?||. Taking A = A{j + 1\ x) ^ B = A{j \ x) and using Formulas 
[a, Hi) we get \\AB - BA\\ < max{||A5 - B'^l \\B'^ - BA\\} < \\A - B\\/p^. 
From this it follows that 

max \\T{j + l,i;x)-T{j,i;x)\\ < 

ms^{\\A{r,x)-A{j-l;x)\\t', \\A{j ; xy+' A{j + l;x)/{j + m} < \\P\\p^ 

where z ~ —{j + 1), t' — \\P\\, since the second term in {, } is less than the 
first and 

i-i 

\\T{j + l,i;x)-T{j,i;x)\\ = ||P(z;a:)-P(z;a:) + {^ Aj-l;a:)^(T(j + l,z;a:)- 

s=l 

T{j, i- x))/s\} + {Y.{A{j- xY - A{j - 1; xy)T{j + 1, i; x)/s\} 

s=l 

+^(j;xy+^r(j + l,z,;x)/(j + l)!||. 

Therefore, there exists a sequence satisfying Formulas (i — in) for each j. 
Hence there exists 

lim A{j] x) = A{x) 

J-+00 

such that A : Co{t, M ^ X) ^ Co{t',M X). This mapping may be 
considered as a vector field on M of class Co{t), A{x) G VectQ{T, M), conse- 
quently, there exists 

lim g{j; x) = g{x) e Co(t, M ^ X). 

In view of \\A{j; xY^^ / (s + < p^, where z— — 2(j + s) + (j + — 1) 
for each s e N there is 

exp{qA{j] x)}x = g'^{j] x) with lim x) = g'^{x) e W 

j->oo 

(that is convergent relative to pj) for each g{x) G W and q G -B(K, 0, 1) such 
that g^{x) = g{x). Moreover, to {g'^{x) : q G 5(K,0, 1)} there corresponds 
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a one-parameter subgroup in W, where q G Zp, since ||g74(j; < for 
each q,y e -B(K,0, 1). 

Indeed, g"^ — gf^ are given as mappings from (l)j{Uj) into (t>i{Ui) for a given 
hj-i Ibfj ~ ^^ijIIt < so gf j generate g'^ G VT, g'^ : M ^ M, since is 
an isometry, consequently, g'^ :G G{t, M). For t = cxd we consider all r G N. 

In general, for each / G G{t,M) there is a sequence {/^(.x) : /G N} C 
G{t,M) such that in local coordinates a; = {x{i) : i G /} G i?(co(/, -ftT), 0, r) 
for each i > I the following condition is satisfied {fl{x)) — x{i) and there 
exists Ai{x) G Vecto{T, M) with the corresponding gi{x) G and gKx) — 
fi{x) for each x G M, where limj_»oo — /||t = 0. Then 

lim gi{x) = lim G W 

converges relative to and = limi_^^ Ai{x) with < where 
^ = ^a(m, A^)g„(a;)a, G Vecto{T,M), 

m,i 

a(*, *) G K, that is, for each c > the set {(i, Ord{m), \m\) : |a(m, J(r, m) > 
c} is finite. 

The field K is equal to the disjoint union Uj^n B{K. kj, 1), where kj G K, 
ki = 0. Defining (^(^+^3 = for j > 1 and q G -B(K, 0, 1), we get the extension 
of class Co(r) by q for g'^ from -B(K, 0, 1) onto K by g, for 1 < t < 00. For 
t — arir we use the additive group -B(K, 0, 1). Then dg'^{x)/dq — A[x)g'^{x) 
for each q G S(K, 0, 1) and x G M, ^ = Ei A'di, G Co(r, M ^ K). 

In the cases of the non-local filed F or G = Diff{t, M) consider the 
family T = {r]z^,...,z„,vi} of all embeddings r]z^,...,zr„v. ■ spmizi, Zn] ^ 
X, where K are all possible local subfields of F and zi,...,Zn arc linearly 
independent vectors in X, n G N. If / G G, then / : M^^^.^^^^^k — 
f{Mzi,...,z„,K) is the diffeomorphism of class Co(t), where M^^^.^^^n.K -—Mr] 
'72i,...,x„,k(sPk{-2i5 Zn})- Let p"^ be a left-invariant ultramctric in G induced 
by the norm in G{t,M — > X) for M with the finite atlas. There arc cm- 
beddings of spaces G{t, Mzj^,...,zn,K) into G such that p'^ induces the equiva- 
lent ultrametric in M^^^.,.^2„_k)- Therefore, there exists a clopen sub- 
group W in G such that for each f e W and its restriction /{m^^ 
there exists a one-parameter family {gl_^ z„vi '■ 1 ^ -K} which has an 
embedding into W\m ^- These families can be chosen consistent on 
Mzi,...,z„,K n My-^^,,,^y^^z,, since K fl L is a local field for two local fields K and 
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L such that Qp cKflLcKULcF, moreover, there exists a local field J 
such that K U L C J. This means, that gtj^^,,,^z„,Ki^) = 9yi,...,y^,i,i^) ^ach 
X G M2i,...,2„,K n Mj,^^ ^y^^L and for each g G K fl L. Hence there exists g'^{x) 
for each x G clM{[Jzi,...,zn,}<.^zi,...,zn,K} and each q G c/fIUkcf-^}? where 
cImA denotes a closure of a subset A in M. In Cp the union of all local sub- 
fields is dense. If F is not contained in Cp, then it can be constructed from 
Cp with the help of operations of spherical completion Cp or of quotients of 
definite algebras over Cp or Cp and so on by induction 0. Therefore, these 
consisitent families generate a one-parameter subgroup {g'^ : q G B{F,0, 1)} 
in W such that g^ = f. 

Let now M be with a countable infinite atlas and at first 1 < t < oo then 
from the definition of topology in G the following set 

W:={feG: supvU) C U''^f\ E{f) C N,card{E{f)) < ^o, plu^iAf,^d) < p--"} 

is the clopen subgroup, where PQuEW,g) are ultrametrics in G{t, U^) induc- 
ing pseudoultrametrics in G, r = t for t 7^ cx) and l<r<oofort = cx), 

:= Uiei? Ui, [Ui, (f)i) are charts of M. 

For t = la let 

W:={feG: suppif) C U''^f\E{f) C N,card(E(/)) < Kq, 

Po>(/) (/, ^d) < p'\ f G Coiarir, M ^ M),r e Tp}, 

where p^^usU^g) ■= suPig^ \\{g~^ of- id),J\an,r,E- 

(2). Let at first t = arii. Let us prove that the function exp : Vect{t, M) 
Dif fit, M) is not locally bijective. Let M = B{F, 0, 1) be a manifold over F. 
We suppose, that there exists g G F such that g' 7^ 1 for each / = l,...,n — 1, 
g" = 1, where n is not divisible by p and 1 < n G N, g'' G F and | g'* |p= 1 
for each s G Zp fl F. Further g*M = M (acts as the multiplication x ^ q^x 
for each x G M) and g* G Dif f{t, M), particularly, for s = 1, (g^)" = id. 
Let H := {g : g & Dif f{t, M), g"' = id}, consequently, gq^g~^ = = Q ioi 
each g & H. Whence g^ belongs to each one-parameter subgroup gTg~^ in 
Diffit, M), where T := {g^ : s G 5(F, 0, 1)}. 

Now we consider the case, when the field F has not sufficient roots of unity. 
If G would be a Banach-Lie group, then there will exists a clopen subgroup 
W mG such that the Campbell-Hausdorff formula [^] will be valid. Let g*^ = 
exp{qx'^d)x = Ez=o(9a;™9)"x/n!, where x G M = B{F, 0, 1), < m G Z, g G 
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B{F, 0, 1/p). Therefore, c/g(x) =x + q, c/^(x) = E^o q''x''^"'~^^+'^j{k, m)/k\, 
where 'y{k, m) := m{2m—l){?)m—2)...{{k—l)m—k+2) for A; > 1, 7(0, m) = 1, 
0! = 1. Then 

{ad uYiv) = f Ca;"^'^"'"^^^ - m){n - l){n + m - 2)...{n + (s - 2)m - s + 1) 

for each elements u = ^x'^d and v = (x"'d G g := T^G, where ^, C G F, 
u := ^9 for m = 0. Let w = ln{e^ o e") be given by the Campbell-Hausdorff 
formula. Then calculating several lower terms of the series we get that e'^{x) 
does not coincide with o g'^{x), where ^ -B(F,0, This contra- 
dicts our supposition, consequently, G is not the Banach-Lie group. For 
dim-pX > 1 it is sufficient to consider embeddings of Dif f{ani, B(F,0, 1))'' 
into Dif f{anr, M), where 1 < A; < dim-FX. 

In the case of < t < 00 for each f & W there exists an infinite family gf 
of one-parameter subgroups such that gf = f and dgf /dq = dgf/dq for each 
i, / G N, g G -B(F,0,1), since we can consider locally- const ant additional 
terms for a given g''^. 

Each subgroup G(t,U^) for 1 < t < 00 or G{anr,Uj) for (pjiJJj) C 
B{X,(l)j{x),r) are closed in G and are not the Banach-Lie groups , con- 
sequently, G is not the Banach-Lie group. 

3.2. Theorem. Let groups G := Diff{t,M) and G := G{t,M) be given 
by Definition 2.4- Then G is simple and perfect. 

Proof. It is sufficient to consider the case of a manifold M on a complete 
locally F-convex space X, since the perfectness and simplicity of G and its 
completion G are equivalent. Consider at first G with t > 1 or t = aur- If 
f^g&WdGit, M) (see Theorem 3.1), then there are vector fields Aj and Ag 
of class Co(t) on M and one-parameter subgroups /'', g'^ C W , q G -B(F, 0, 1) 
such that df/dq = Aff^ and dg'^/dq = Agg'^, where Af{x) = Aj(x)9j, the 
summation is accomplished by i G /, / is an ordinal. Let A^ be of class Co(r) 
with r = 00 for l<t<oo or T = t for t = an,., then elements exp{qA{x))x 
are dense in W for such t, where A = A^di, q G B(K, 0, 1). For B = A^di with 
A^ = 6ij, where j G / is fixed, 6ij = 1 for z = j and 6ij = for ij^j El, W3 
exp{qB)x 7^ id. If C G VectQ{T, M) with r = 00 or r = an^, also ||C||t-' < p~'^ 
(r' G N or r' = an^. respectively), then there exists A G l^ecto(T, M) with 
II^IIt' ^ such that their commutator [v4, 5] = G. Indeed, -B] = 
A\diB''6k,j)dj -B^5k,j{djA')di = -{djA')di = G'di. In view of §79.1 and 
§80.3 1^ there is the antidifferentiation P{x^) by the variable x^ (in the 
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local coordinates of At{M)) such that = —{P{x^)C^){x). From this 

it follows that [W, W] = W, where [W, W] is the minimal subgroup in W 
generated by the following subset {[^f,/] := g ° f ° g^^ o f~^\g^f ^ W}. 
Therefore, W is perfect. 

Suppose there is a normal subgroup V in W , V ^ {e} and V ^ W, then 
gVg~^ = V for each g G W. Let v G whe corresponding to V and W subsets 
in the algebra Vecto{T, M), hence [v, w] C v, where [A, B] is the commutator 
in the algebra Vecto{T, M). Therefore, there are A & w\v and ^ B E v. 
Since [v,w] C v, then \p'^di,B] G v for each i, so it may be assumed that 
there is i G / with a(0, B') ^ 0. 

For Vecto{anr, M) we get the equations Y.i,m+n=k+eiip{n^ C^)h{rn—ei, B^) — 
b{m, B'-)b{n — ei,C^)) = b{k,A^), consequently, solving them recurrently we 
find i? G f and C E w for which [C, B] = A. This is possible, since for 
each Q = / G N, the family {{i, \n\,Ord{n)) : A*)|rl"l > q} is finite 
for A G Vecto{anr, M), where b{m,B^) G F are expansion coefficients by 
x"* := x = (xi,...,x„), G F, m = (mi,...,m„), < m, G Z, 

n G N. 

Locally analytic functions [^] are dense in Co{t, M — > X) for 1 < t < oo, 
hence, [v, w] = w contradicting our assumption. Therefore, W is simple; that 
is, it does not contain any normal subgroup V with V ^ {e} and V ^ W at 
the same time. 

The group G is the disjoint union of giW, G = UjeNS'iW^; such that 
Poigj^gk) > v "^ for 3 7^ hence for chosen {gj : j G N} with gi = e = id 
and each f E G\W there is the unique j and /2 G with / = (7^/2 • From 
Qm{x + c) = (5m(a;) for |m| > and each x G i?(K,0, 1) it follows that 
c = 0, where n = Ord{m), Qm are basic Amice polynomials 
considering all (7 G having the form [id + ^(5m(a;)ej) in local coordinates 
with ^ G 5(K,0,p-2) we get [G \ W^, W^] D G \ and {gfg~^ ■ g e W} 
^ {/} for each f eG\W, hence [G, G] = G. 

Suppose there is a normal subgroup V C G, V ^ e, V G. Then for 
each / and g E V with fg~^ G we get that fg~^ = e, since fl is the 
normal subgroup in W, consequently, V is discrete and p^i^f^g) > for 
each f ^ g & V. Therefore, hfh~^ = f for each h G W, but this contradicts 
the statements given above. Therefore, G is simple and perfect. 

For < t < 1 the group G{1, M) is dense in G{t, M), for t = la we use 
the inductive limit topology, consequently, G(t, M) also is simple and perfect. 
The case of Diff{t, M) follows from the case of G{t, M) analogously to the 



M. Then 
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proof of Theorem 3.1. 

3.3. Notes. For each chart {Ui, (t)i) there exists a tangent vector bundle 
TUi ^UiX X, consequently, TM has the following atlas At{TM) = {{Ui x 
X,(f)i X I) : i e A}, where I : X ^ X is the unit mapping, A C N, TM is 
the tanget vector bundle over M. 

Suppose V is a vector field on M. Then by analogy with the classical 
case we can define the following mapping expx{zV) = x + zV{x), where 
for the corresponding pseudoultranorm u in X and sufficiently small e > 
from u{V{x))\z\ < e it follows x + zV{x) e Ui for each x E U such that 
(j)i{x) is also denoted hj x, z E K. Moreover, there exists a refinement 
At'{M) = {(?/•, 0-) : i en} of At{M) such that (f)i{Ui) are F-convex in X. 
The latter means that Xx + {1 — \)y G 4>i{U-) for each x,y E (pi{U-) and 
each A e S(F,0, 1). The atlas At'{M) can be chosen such that {exp^lu') '■ 
X X {(f)i{Ul) — 4>i{x)} — > Ul to be the analytic isomorphism for each i e 
where x E U-. 

Then TfC^t, M ^ N) = {g e C{t, M TN)\ nog = f}, consequently, 
C4t,M ^ TN) = [jfec,(t,M^N)TfC4t,M ^ N), where tt : TN ^ N is 
the natural projection. Therefore, the following mapping uje^p '■ TfC^{t, M — > 
N) C^{t, M ^ N) such that Uexpig) = expog is defined. This gives charts 
on C^{t, M N) induced by charts in M TN). 

3.4. Theorems. Let G = Diff{t, M) and G = G{t, M) he the same as 
in %2.4, where 1 < t < oo or t = la, F and X are complete. Then 

(1) if V is a C{t) -vector field on M, then its flow r)z is a one-parameter 
subgroup by z E B(F, 0, 1) in G; 

(2) the mapping z rjz is continuously diff'erentiable by z E B{F, 0, 1); 

(3) the mapping Exp : TidG ^ G , V ^ rjz, is continuous and defined in a 
neighbourhood ofO in Ti^G for each z e -B(F, 0, 1), the mapping {z, V) i— >• rj^ 
is of class C{t); 

(4) G is an analytic manifold and for it the mapping E : TG G is 
defined such that Er^iV) = exp^i^x) ° from some neighbourhood Vj^ of the 
zero section in T^^G C TG onto some neighbourhood Wj^ 3 id E G, such that 
Vt] = Vid ° = oTj, E G and E belongs to the class G{oo) by V, E 
is the uniform isomorphism of uniform spaces V and W. 

Proof. As in the proof of Theorem 3.1 we reduce the consideration to the 
case of M with a finite atlas on the Banach space X over F and G = G{t, M) 
and then generalize results for infinite atlases on the locally F-convex space 
X and G = Diff{t, M) using inductive limits of spaces C(t, U^ — > Y) and 
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the projective limit X = pr — limX^. 

For each submanifold M„ in M with the embedding 6 : Mn M and 
dimpMn = n let us consider K|m„ : TM, n o V{x) = x. Therefore, in 

view of Theorem 6.1 [|16| (and analogously we get existence of solutions in 
classes C{t)) there is the solution 77^ for some c > and all z G -B(F, 0,c), 
that is, drjz{x)/dz = V{x)riz{x), rjoi^x) = x are dependent upon x G M, 
770 = id, riY{x) = rjz{x) are dependent upon V . This local solution is unique 
in the analytic case, but it is not unique in C{la) and C{t) classes. Here a 
constant 00 > c > depends only upon < R < 00, M and t, where V 
is in the neighbourhood of the zero section BiTidC^ij, M — > M),0,i?) and 
the ultranorm on the Banach space TidC^{t,M M) is inherited from the 
Banach space C*(t, M TM). 

The clopen ball i?(K,0,c) is the additive subgroup in K, consequently, 
z ^ rjzis the homomorphism such that Zi + Z2^ Vzi+Z2 = Vzi ° Vz2y Vo = id. 
Moreover, z ^ r]z and V ^ rj^ = rj^ are C°°-mappings by V and z in some 
neighbourhoods of 0. On the other hand, -B(F, 0, 1) is a disjoint union of balls 
of radius < c < 1. Hence there exists a solution for each z G -B(F, 0, 1) (see 
aslo §45 in 0). 

Then there are R and c such that p\{j]^ , id) < 1/p for each z G -B(F, 0, c) 
and V G B{TidC4t,M M),0,R), hence for Rc = R'c', d = 1, we get 
the following mapping V r/J for each V G B{TidC^{t,M M),0,R'), 
where z G -B(F,0, 1). Then V ^ rji generates the mapping Exp{V) = 
T]i. Hence, Exp is defined in the neighbourhood of in TidG and Exp G 

{00, B(TidG,0, R') G), where the last space is given relative to the 
mapping 6 = nid : T^dG G being the natural projection. 

Let V{r]) G T^G for each r/ G G and F G C*(t, G ^ TG), where noV{r]) = 
r], Tx : TG G, V is a. vector field on G of class C*(t). If := {g G 
G^{t,M M) : p1{g,id) < 1/p} and g E V, where k = t for t 7^ 00 and 
N 9 K > 1 for t = 00, then g : M M is the isometry, consequently, g G 
Hom{M), that is, V C G and G is a neighbourhood of id in G*(t, M M). 
Since M = {Ji^A Ui, TM = \Ji{Ui x X), then G*(t, M ^ M) and G,(t, M 
TM) have atlases with clopen charts. The G°°-atlases At(G*(t,M — > M)) 
and At(G,f(t,M TM) induce clopen atlases in G and TG, since M and 
exp are of class not less than G°° (see §2.4 and §3.3). 

The right multiplication Rf : G ^ G, g ^ g o f = Rf{g) and ah '■ 
Cit, M' ^ N)^ G,{t, M ^ N), ahiO = C°h for / G G and heC,{t,M^ 
M') belong to the class G(oo) for 1 < t < 00, also to C{anr) for t = arir (see 
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Theorems 2.6). Let g then g = id + Y with \\(l)i{Y\u^)\\c,{t,Uj^x) < 1/p 
for each j (see §2.4), hence, (jz = id + zY G V for each z e -B(F, 0, 1) and 
{dRfgz/ dz)\z=Q = RfY. From this it follows that each vector field V of class 
C^:{t) on G is right-invariant, that is, -R/K? = Kjo/ for each / and r] & G, 
since G acts on the right on G freely and transitively (that is, g o f = f is 
equivalent to / = id, Gf = fG = G). 

Therefore, the vector field ^ on G of class C*(t) has the form Vrf(x) = 
V orj{x) = v{rj{x)), where f is a vector field on M of the class C*(t), rj & G, 
v{x) = V{id{x)). Since exp : TM — M is locally analytic on corresponding 
charts, then E{V) = expoV has the necessary properties (see for comparison 
also the classical case in [Q and in §3, §9 0). 

3.5. Notation. Let the group G = G{t, M) be given by §2.4, where 
Qp C F C Cp, an atlas of M is countable. A complete locally F-convex 
space X has a structure of a locally K-convex space Xk over a local subfield 
K in F, then X„_k = Xi^/ker{u) is isomorphic with the Banach space X^^k = 
co( Ju, K) over a local field K, where Ju is an ordinal, m is a pseudoultranorm 
in X (see [^, Ch. 5 in [^). There exists Mk which is a manifold M on 



Xk instead of X. The projection tt^ ■ Xk X^^k induces a projection 7r„ : 
Mk Mu^iQ, where M„k is a manifold on X„k- Let each X„ := X/ker{u) 
be of separable type over F for a family of pseudoultranorms {u} defining 
topology of X. Let us consider the following space 



Co,a(t, M„,K X„,k) := {/ e Co{t, M„,K ^ X„,k) : 



sup [|a(m,0fco/V,)|J,(t,m)max(p\p«'-'^('")+H)] < ^o, 

k,i,j,m, 

lim |a(m,/^;|J,(t,m)max(j9\j9H+OrdM)^0} 

for t 7^ oo, Co,a(oo, M„,K ^ ^«,k) := flzew C'o,a(^, M„,k ^«,k), where 
{Uj,(f)j) are charts of At(M„ K) with omitted index (m,K), Jj{t,m) : = 
||Qm|s||co(t,5^x„,K)) := (f/i)«,K n spK{ei, ...,eord(m)}, {cj : j} is the stan- 
dard orthonormal base of co(Ju, K). 

For the manifolds M and X with a given mapping 6 : M ^ N (see §2.4) 
we define an ultrauniform space 

Co%(t,M„,K ^ iV,,K) := {/ e Cl{t,M^^^ ^ X,,k)|(/m-^„-) e Co,a(t,0,(t/,) ^ n,K) 
for each i and j, where p* (/, ^) := ^ ||(/ - ^)i,illco,4t,<^.{c/.)-n,K) < o^} 
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for each < t < oo. There exists a subgroup 

Ga{t, M„,k) := G{t, M,,k) n Mu,K ^ M,,k) 

with an ultrametric p* (/, id) for 9 = id and < t < oo. 

3.6. Theorems. Lei X, F, G := G{t,M) and Ga(t,M„,K) &e ^wen 61/ 
^2.4 and §5.5. T/ien 

(1) . For each < t < 00 spaces Gait, Mu^k) o,nd Co,a(^,^u,K -^«,k) 
are separable and complete. 

(2) . Each Gait, Mu^k) is a -compact and Gait, Mu^k) := BiGait, Mu^ji),id,r) : = 
{g G Ga(i, jW^.k)! Paig,id) < r} has an embedding as a compact separable 
subgroup in Git, M) in the topology inherited from it for < t < 00 and 

< r < 00. 

(3) T^Git,M) C Vectoit,M) (see %3.2), moreover, sp^UuTeGait, Mu,k) 
and spK Um TeBiGait, Mu,K),id,r) are contained in TeG(t, Mk) and dense 
in it for 1 < t < 00 . 

i4). InG forO <t < 00 there is a family {G"^k : G N, m, Qp C K C F} 
of compact subgroups such that G^j^ C for each n and each local subfield 
K in F, moreover, UneN.u.K^'^K =• Gait,M) is dense in G. 

Proof. From Formulas 2.6(z,m) it follows that Ga(t,M^ K) are the com- 
plete topological groups and Co,a(i, ^u,k — ^ Xu,k) is the complete locally 
K-convex space (and it is the Banach space for < t < 00). They are 
separable and Lindelof, since M^^k and Xu,k are separable. 

The uniformity in Gait, M„ k) is given by the right-invariant ultarmetric 
Paif: 9) = Pa(fl'~^/) id) for t 7^ 00 and by their family : I G N} for t = 00, 
where / and g G Gait, Mu,-k)- Therefore, BiGait, Mu^i^),id,r) =: G^_k i^ 
also the topological group, which is clopen in Gait, Mu,-k). The Banach 
space Coit, M^^k X„^k) is linearly topologically isomorphic with co(ci;o, K) 
and subsets 5* := {x G Co(ti;o,K) : |a;(i)|K < p"'^^*) for each i G N} are 
sequentially compact in co(a;o,K) for limj^oo ^(^) = cxd, consequently, S are 
compact |T^. In addition sp^iS is dense in co(ct;o,K). 

Analogously to the proof of Theorems 3.4 we get neighbourhoods t/ 3 
in TidGait, Mu,-k) and W3id'm. Gait, M^^k), such that E\fj : U ^ W is the 
uniform isomorphism. There exists an embedding of ^ i^^o ^(^5 since 
each function / on M„ k has an extension / on Mk such that /ImkGM^k — 
id, where the decomposition Mk = (Mk M^^ k) © ^m,k is induced by 
the projection 7r„, since K is spherically complete. Due to D G^u,k for 
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< r < p"^ the subgroup GJ^ ^ is compact in the weaker topology inherited 
from G{t,M). For < r < oo considering in local cooordinates basic 
functions Qm^i and using the ultrametric p* we get for f & Gl^-^^ that only a 
finite number of (m, k, i,j) are such that |a(m, 0^ o /' |(7^.)| > Therefore, 
^uK is compact. From Ga(t,M„^K) = UieNfi'j^«K ^'^^ some family {^fj : i G 
N} C G,(t,M„,K) (or G,(t,M,,K) = {Jie^Glj^) it follows, that Ga(t,M„,K) 
is cr-compact in G{t, M). 

In view of §3.2 and §3.4 we get T^G{t,M) C Vecto{t,M) and T^G^ j^ C 
TeGa(t,Mu_K) C. TeG{t, Mj^), where e = id. In addition GJ^^: contains all 
mappings / such that o f{x)\u^ = {id{x) + c'Qm{,x)ei) with = Ord{m) e 
N, m G N", z G N, c' G K and p\{f,id) < r (that is, for sufficiently 
small |c'|k there is satisfied the following inequality \\c'Qm\\co,a(t,Uj^x^K) < 
p^^). Therefore, the closure in Vecto{t, M) of the K-linear span of Um ^eG^ k 
coincides with TeG{t, Mk), which follows from Kaplansky Theorem A. 4 [PT|]. 
Evidently, TgG^ is infinite-dimensional over K. 

Let us take G^j^ ■= {f e G : supp{f) C U^"J\ue„ G Go,a(t,f/^" ^ 
M„,k), pi{f\uE^,id) < n}, where := Uiesf^j. = (l,-..,n), n G N, 
since M^k is separable. Each subgroup G^^: is compact in G. Since 
UneN{/ e G : supp{f)_C U^"} is dense in G, then Ga(t, M) := U„,«,k G'^.k is 
dense in G. If f, g E Gait, M), then there exists n with supp{f) U supp{g) C 
^7-^" and o f e Gait, M), hence Ga(t, M) is the subgroup in G. 

3.7. Remarks. If M = -B(X, 0, 1) for a normed space X, then Ga(t, M„,k) 
is a projective limit of discere groups Gait, Mu,ji)/BiG ait, Mu,K.),e,p~'') of 
polynomial bijective surjective mappings / : fc" — fc" of finite rings k = 
-B(K, 0, l)/i?(K, 0,j9~'), since a series /(x) = Z]m,i '^('^5 /*)0m(3^)ej in the 
Amice base Qm^i for each / G C^f'ait, Mu^k ^m,k) produces a finite sum 
fix) = J2m,i(^i™j DQmix)ei, where tt; : K K/i?(K, 0,p~') is the quotient 
mapping, x G -B(K,0,p~'), x = vri(x), a(m, *) G K, a(m, *) = 7r;(a(m, *)), 
Qmix) = TTiiQmix)), I G N and n G N depends on /, balls in Gait, M^^k) are 
given relative to the ultrametric pg in G(t, M). If X^ k is finite-dimensional 
over K, then n are bounded by dim-KX^ j^. 

Besides profinite subgroups given in §3.6 there are classical subgroups 
over the non-Archimedean field F contained in the diffeomorphism groups. 
In particular subgroups preserving vector fields are important for quantum 
mechanics. Let M be an analytic manifold, which is is a clopen subset in 
BiX,0,r), where r > 0, and X = F". For a covector field A := {A^ix) : 
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a = 1, ...,n} on M a differential 1-form 

(i) A = Aa{x)dx°' is called a potential structure, where summation is 
by a = l,...,n. It is called analytic if A G C{anr,M — > F"). It is called 
non-degenerate, if 

(m) det{Fa^/3) 7^ for each x, where 

{iii) F = dA = F^^/^dx^Adx^ /2. We consider g e Dif f{anr, M) and 
= g»(x), X = x") E M , x' E F. If 

(iv) Aa = A^dg^ /dx°' or 

iv) Fa^is = F^^y{dg^ I dx"^){dg^ / dx^). The groups of such g are denoted 
by Ga ot Gf respectively and are called a potential group or a symplectic 
group respectively. Corresponding to them Lie algebras of vector fields are 
denoted by La and Lp. There are accomplished analogs of Proposals 1 and 2 
[ p^ , since Ga C Gp and La C Lp. Let n = 2m, m G N and 

(vi) A = Ca^uX'^dx'^, where Ca,u = —Cu,a = const and det{ca,u) 7^ 0; or 

(vii) A = A^dx'^, A^ = i:i:=i<t,ui.,.x-'...x''\ where ci^,,_,^ E F, 
c]^y = — c^o for each a,v = 1, A^, det{c\ ^ 0. Then 

{viii) dimF\-A = n(n + l)/2, Ga = Sp{2m, F) := {g E GL{2m, F)| g^eg = 
e} is the symplectic group, where g^ denotes the transposed matrix; 
(ix) dim-F\-A < + l)/2. 

To verify this let us consider at first c^,^ = Co,^, where ea,a+i = 1, ^a+i,a = 
— 1 for a = 1, ...,n — 1, e^^/s = for others Therefore, there are true 

analogs of Formulas (10-13) p6[ with a(^^^ G F. The matrices Bj^J,'^ in 
Lemma 1 §2 have integer elements, consequently, there are true analogs of 
Formulas (15,16) for the field F, since an analytic vector field ^ is in La if 
and only if ^'^d^Aa+ A^d^i^ =: L^A^ = 0. In general the form A can be 
reduced to A = —Xea,uX'^dx°'/2 by some operator j E GL{n, F), where A G F 



and j(5(F",0, 1)) = 5(F",0, 1). Theorem 2 ^ can also be modified, but 
should be rather lengthy. 

In G{t, M) for < t < oo there are also subgroups isomorphic with 
the additive group i?(X„,0,r), elements / of which act as translations of a 
subset \^ of M diffeomorphic with B{Xu,0,r) and f\M\v = id. Using dis- 
joint coverings of Mu,-k by balls we get, that Diff(t, M) contains subgroups 
isomorphic with symmetric groups Sn, where either n G N or n = oo for 
non compact M. Also Diff{t, M) contains a subgroup diffeomorphic with 
W ■= {f ■ f\v has an extension / G GL{Xu) ||/- /|U„ < 1, /|m\v = id}, 
where GL(X„) is the general linear group. 
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4 Decompositions of representations and in- 
duced representations. 

4.1. Let G = G{t,M) be defined as in §2.4 and §3.5 with < t < oo 
and T : G —>■ U{H) be a strongly continuous unitary representation, where 
Qp C F C Cp, U{H) is a unitary group of a Hilbert space H over C. The 
unitary group is in the standard topology inherited from the space L{H) of 
continuous linear operators A : H H in the operator norm topology. 

Theorem. The representation T up to the unitary equivalence T i-^ 
A~^TA is decomposable into the direct integral Tg = JjTg{y)dv{y) of ir- 
reducible representations G 3 g ^ Tg{y) G U{Hy), where Hy are Hilbert 
subspaces of H , y & J , v is a a-additive measure on a compact HausdorfJ 
space J, A is a fixed unitary operator. 

Proof. In view of Theorems 3.6 there exists a family of compact sub- 
groups G"k in {G,V{G)) for which G'^j^ C G"^^ for each n and : = 
Ga{t,M) is dense in {G,V{G)), where V{G) denotes the topology of G. 
Then 

'^9\gi ^ = I Tg{n, u, K; y)vn,u,K{dy) 

• JJ{n,u,K) 

for each n G N, a pseudoultranorm m in X and a local subfield K C F, 
where Vn,u,K. are measures on compact spaces J(n, m, K), Tg{n,u,'K;y) are 
finite-dimensional irreducible representations, y G J(n, m,K), (? G 

There is the consistent family Tg{n,u,K.;y) such that f„.„^K-alHiost ev- 
erywhere in J{n + K') the restriction Tg{n + 1, m', K'; y)!^" ^ is a fi- 
nite direct sum of Tg{n,u,'K]y) with the corresponding y, where u{a) < 
u'{a) for each a G X, K C K'. Therefore, there are continuous mappings 
z{—n, u, K; —n', u', K') from J(n, u, K) into J{n', u', K') for each n < n', u < 
u' and K C K' such that fn'y,K'(^) = 'Vn,u,K{z~^{—n,u,'K; —n',u','K')(Y)) 
for each Y in the Borel a-filed Bf{J{n', u', K')), where f„,«,K are non-negative 
measures. For each ^,ri E H with ||,^|| = \\ri\\ = 1 we have \{^,Tgy)\ < 1 and 

I / {^,Tg{n,u,K;y)r])vn,u,K{d'y)\ < 1- 

J J{n,u,'K) 

Consequently, T^Iat = JjTg{y)v{dy), where the projective limit of compact 
spaces J = pr — lim{ J(?7,, u, K); z{—n, u, K; — n', u'K.'); {(n, u, K)}} is com- 
pact (see also §2.5 [|I0|) and the projective hmit of measures v = pr — 
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lim{vn,u,K} is the measure on {J,Bf{J)), and Tg{y) : U{Hy) are irre- 

ducible for u-almost every y & J. Therefore, 

= j jTg{y)v{dy) and H = J^Hyv(dy), 

where Tg{y) : G —>■ U{Hy) is an irreducible unitary representation for v- 
almost each y E J, Hy are complex Hilbert subspaces of H (see and 
522.8 



4.2. Let G := G{t, M) be given by §§2.4 and 3.5, where Qp C F C Cp. 
Suppose W : G ^ IS{H) is the regular representation (for H over a local 
field L D Qg, s ^ p) given by the formula Ugf{x) := f{g~^x), where H is 
a Banach space of uniformly continuous bounded functions f : G ^ h with 
a norm ||/|| := sup^g^. |/(x)|l, IS{H) is a group of isometrics of H with 
a metric induced by an operator norm of continuous L-linear operators V, 
V : H ^ H. 

Theorem. There exists A G IS{H) such that AW is decomposable 
into a direct sum of irreducible representations Wj. Moreover, each irre- 
ducible representation T : G ^ ^^i^) foi^ Banach space E over L is 
equivalent to some Wj. 

Proof. It may be directly verified that W is strongly continuous. This 
means that for each c > and f ^ H there is a neinghbourhood V 3 id 
such that \\Wgf — f\\ < c for each g E V. Let the compact subgroups 
be the same as in the proof of Theorem 4.1. They s-free, that is, for each 



clopen subgroup E' its index [G"k • is not divisible by s ([|^, 0). It 
follows from the consideration of local decompositions of elements in G"k 
by Qm^i and from the fact that B(K., 0, r) are the s-free additive groups for 
each 0<r<cxD,?T,GN. In addition E' contains an open compact subgroup 
which is normal in G^-^ due to Pontryagin lemma (see §8.1 [^). Therefore, 
on Haar measure exists with values in Qg due to Mo nna- Springer 

theorem 8.4[^. In view of Theorem 2.6 and Corollary 2.7 |]5D[ each strongly 



continuous representation T : G'^j^ ^ IS{H) is decomposable into the direct 
sum of irreducible representations. On the other hand, Ga{t,M) is dense in 
G. The last statement of this theorem follows from the fact that for compact 
groups each T : k ^ IS{Ht) is equivalent to some irreducible component 
of the regular representation, where Ht is a Banach space over L. 

4.3. Remark. Let be a Borel regular Radon non-negative quasi- 
invariant measure on a diffeomorphism group G relative to a dense subgroup 
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G' with a continuous quasi- invariance factor Pn{x,y) on G' x G and < 



H{G) < oo [T^. Suppose that V : S ^ U{Hv) is a strongly continuous 
unitary representation of a closed subgroup S in G'. There exists a Hilbert 
space L'^{G, fi, Hy) of equivalence classes of measurable functions f : G ^ 
Hy with a finite norm 



G 



\\fmHMd9)f''< 



oo. 



Then there exists a subspace \E'o of functions / G L'^{G, p, Hy) such that 
/(/i?/) = Vh-ifiy) for each y E G and h E S, the closure of \E'o in L'^{G, /i, 
is denoted by For each / G there is defined a function 

(2) {T^'^f){y):=p]/'{x,y)f{x~'y), 

where p^{x,y) := pxidy) / jj,{dy) is a quasi-invariance factor for each x G 
G' and y E G, Pxi^) '■= p{x~^A) for each Borel subset A in G. Since 
(T^'i'f){hy) = Vh-i{{TJ){y)), then ^^'^^ is a T^-'^-stable subspace. There- 
fore, T^'^ : G" ^ f/(^^'^) is a strongly continuous unitary representation, 
which is called induced and denoted by Inds^G'iY)- 

If S" = limjS'o,, TT^, VL] is a profinite subgroup of G, for example, G" ^ (see 
§§3.6, 3.7) and V is irreducible, then Hy is finite-dimensional and V^~^(/) =: 
ly is a clop en normal subgroup in S", where n'^ : Sa ^ Sp are homomorphisms 
of finite groups Sa and Sp for each a < /3 in an ordered set fi. Therefore, 
there exists a E VL such that vr~^(eQ,) C W^, where Cq, is the unit element in Sa 
and tTq, : ^ is a quotient homomorphism. In view of Theorems 7.5-7.8 
[|T^ there exists a representation : — >■ U{Hy) such that y° o na = V. 

4.4. Let G be a diffeomorphism group with a non-negative quasi-invariant 
measure /i relative to a dense subgroup G'. We can choose G' such that 
each G"k; is a compact subgroup of G'. Suppose that there are two closed 
subgroups K and iV in G such that K' := KCiG' and N' = N (IG' are dense 
subgroups in K and respectively. We say that K and act regularly in 
G, if there exists a sequence {Zi : i = 0, 1, ...} of Borel subsets Zj satisfying 
two conditions: 

(i) p{Zq) = 0, Zi{k,n) = Zi for each pair {k,n) E K x N and each i; 

(ii) if an orbit relative to the action of x iV is not a subset of Zq, then 
= ClziDO where g{k,n) := k~^gn. Let T^''^ be a representation of G' 
induced by a unitary representation of K' and a quasi-invariant measure 
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fi as in §4.3. We denote by T^^f a restriction of T^''^ on A^' and by D a space 
K \ G/N of double coset classes KgN. 

Theorem. There are a unitary operator A on \['^''^ and a measure v on 
a space D such that 
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for each n & N' . (2). Each representation N' 3 n Tn{^) in the direct 
integral decomposition (1) is defined relative to the equivalence of a double 
coset class ^. For a subgroup N' fl g^^K'g its representations 7 ^— ^ K 



aia 



are equivalent for each g ^ G' and representations T/v'(0 can be taken up to 
their equivalence as induced by ■y ^g-yg-^ ■ 

Proof. A quotient mapping ttx '■ G —>■ G/K =: X induces a measure fi 
on X such that fi{E) = iJi{Tx^^{E)) =: {ti^h){E) for each Borel subset E in X. 
In view of Radon-Nikodym theorem II. 7. 8 for each ^ G D there exists a 
measure /i^ on X such that 

(3) dfL{x) = du{^)dfi^{x), 

where a; G X, i^(-E) := {s*^){E) for each Borel subset in D, s : G ^ D is a 
quotient mapping. 

For each m G N, a pseudoultranorm u in X and a local subfield K in F 
a subgroup GJ^k compact in G, hence there exists a topological retraction 
rm,u,K ■ G (that is, r^,„,K ° rm,u,K = rm,u,K and r^,n,K is continuous 

and rm,u,K|G™j, = 'id). This retraction induces a measure fim,u,K = ^m,u,Kf^ 
G'^j^. It is equivalent to a Haar measure on G^^:, since it is quasi- invariant 
relative to G'^j^ (see § VII. 1.9 in 0). In view of §26 and Formula (3) the 



Hilbert space := L'^{X, fi, Hy) has a decomposition into a direct integral 

(4) if^ = / HiOduiO, 

JD 

where Hy denotes a complex Hilbert space of the representation V : K' ^ 
U{Hv). Therefore, 

H^ = Jjf\\m)MO- 



In view of §32.2 from Chapter VI |2^ each irreducible representation of a 
compact group Y can be realized as a representaion in some minimal left 
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ideal of a ring LP'iY^ A, C), where A is a Haar measure on Y . From Formulas 
(4) and 4.3.(1,2) we get the first statement of this theorem for a subspace 
of H^. 

If / G L\X,fx,Hv), then vr*/ := / o ttx G L\G,i^,Hv). This in- 
duces an embedding vr^ of into \1>^'^. Let F be a filterbase of neigh- 
bourhoods y4 of i^' in G such that A = tc^^{S), where 5* is open in X, 
hence < yu(v4) < fi{G) due to quasi-invaraince of on G relative to 
G'. Let ^ C ^ D, then ip = Kg^, where G G, hence = i^i^ ^ 
g^^Kg^). In view of Formula (3) for each x E N' and r] = Kx we get 
pV2(r/,0 = \im,[J^p'/\x,zg^)dfiiz)/fiiA)] (see also §L6 IlO|). Therefore, 
(a, Tx{^)b)HV = limF[X4(7r*a, p]l'^{x, zg^){TT*byx^^)^v,^,dp{z)/ fj,{A)] for each x G 
A^' and a,b E , where /^(C) '■= f{z~^h() for a function f on G and 
h,z,( £ C. In view of the cocycle condition p^{yx,z) = Pfj_{x,y~^z)p^{y, z) 
for each x,y G G" and z G G we get Tyx{^) = Ty(^)Tj(^) for each x,y E 
N' and Tx{^) are unitary representations of A^'. Then {a,Tyx{^)b)HV = 
limF[/^(7r*a, pl/^{x, zg^)in*bYJ'])^v.,dp{z) / piA)] for each y G iV' n 

g^^K'g^. Hence the representation T^(0 in the Hilbert space -ff(0 is induced 
by a representation (A^' fl g^^K'g^^) 3 y ^ ^^j/g^^' 

4.5. Let and be two unitary representations of K' and A^' (see §4.4). 
In addition let K and A^ be regularly related in G and denotes an 

external tensor product of representations for a direct product group K x N. 
In view of §4.3 a representation T^'i^^T^'^ of an external product group 
G := G X G is equvalent with an induced representation j'^^'^^t^^t^^ where 
/i ® /i is a product measure on G. A restriction of x'^^'^''^'^^ on G := {{g , g) : 
g G G} is equivalent with an internal tensor product T^'^ (S> T^'^. 

Theorem. There exists a unitary operator A on vj/^^'^-M'^M such that 

(1) A-^T^''' ® T^'M = / T(ndu(n, 

JD 

where v is an admissible measure on a space D := N\G/K of double cosets. 

(2). Each representation G' 3 g ^ Formula (1) is defined up 

to the equivalence of ^ in D. Moreover, T(^) is unitarily equivalent with 
rpv®w,fi^ti ^ ti;/iere V and W are restrictions of the corresponding representa- 
tions y Vgyg-'^ o^nd y W^y^~i on g'^K'g fl ■y~^N''y, 7 G G' , g'y~'^ G ^. 

Proof. In view of §18.2 -P \ G/G and K \ G/N are isomorphic Borel 
spaces, where P = K x N. In view of Theorem 4.4 there exists a unitary 
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operator A on a subspace of the Hilbert space -L^(G, (g) /x, Hy ® 

Hw) such that 

where each T(j{^) is induced by a representation (y, y) i-^ (^®^)(ff,7)(j/,y)(s,7)-i 
of a subgroup G' fl ((7, '-y)^^{K x A^) ((?, 7), the latter group is isomorphic with 
5* := g~^K'g n ■j~^N'j, that gives a representation of a subgroup 

5" X 5" in G. Therefore, we get a representation j"^®^./^®/* equivalent with 

-?"?T'C?(5x5)TG'(^®#)Ig/. 
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